Multiple equilibria, fiscal policy, and human capital accumulatiort

JaimeAlonso-Carrera™™
and
MariaJesisFreire-Serén

Universdade de Vigo

Thisversion, July 2002

Abstract
This paper shows that in a three-sector model of endogenous growth with physica and human
capitd accumulation, taxation policy can generate indeterminacy under plausible parameterizations.
The key for this result is that the accumulation of human capitd is a non-market activity in which
individuds combine their nortworking time with intermediate goods that are provided by the
market. This assumption is congstent with the microfoundations of human capitd accumulation

found by the literature on life-cycle earnings.
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1. Introduction

In recent years, there has been an extensve literature that examines the existence of indeterminate
equilibriain dynamic generd equilibrium modes! The mativation of this search isthat indeterminacy
is able to account for endogenous business fluctuations and for some empiricaly observed growth
episodes that cannot be reconciled with more traditiond literature.2 The possibility of a continuum of
equilibriais the consequence of some market imperfections. Usudly, the imperfections are assumed
to come from externa effects in production or monopoalistic competition. Furthermore, it has been
showed that indeterminacy appears under empiricaly redistic assumptions.

The intent d this paper is to show that multiple equilibria can dso arise sraightforwardly without
abandoning the hypotheses of perfect competition and absence of externdities. We argue that the
market imperfections generated by the taxation policy can generate indeterminacy in a three- sector
endogenous growth modd with physica and human capitd accumulation. As a crucid ingredient for
our result, we depat from the traditiond endogenous growth mode with human capita
accumulation by making deeper the microfoundations of the process of human capital accumulation.
We specify the accumulation of human capita as a nonmarket activity that uses effective labor and
goods (and services) acquired in the market (intermediate goods, henceforth) as inputs. Therefore,
the investment in human capita has a direct component given by the purchases of intermediate
goods and an indirect component given by the opportunity cost of the time spent in accumulating
human capital. While the former component is perfect substitute of physica capitd investment and
consumption, the later component is no perfect subgtitute of those dternative alocations of income.
Both components are empirically relevant. For instance, Perli and Sakellaris (1998) estimate the

1 See Benhabib and Farmer (1999) for acomplete survey of thisliterature.

2 see Benhabib and Gli (1995) for an overview of the empirical predictions of growth models with multiple

equilibria.



total educationa expenditures and the foregone labor income of studentsin US at 8% and 3.6% of
GNP, respectively.

Traditiondly, the endogenous growth models with human capitd accumulatiion have often
dternatively congdered only one of these two components of human capitd investment. Some
models assume that human capitd accumulation is a pure nonrmarket activity (see, eg., Lucas,
1988). Other models instead condder that human capital accumulation is a pure market activity
where individuas increase their human capitd by directly acquiring the intermediate goods without
any other manipulation (see, e.g., Rebelo and Stokey, 1995). By contrast, Jones, Manudlli and
Ross (1993) dso specified a process of human capital accumulation like ours. However, they
postulate a two-sector mode in which human capitad accumulation requires market consumption
goods and effective labor. We instead consider a third sector whereby intermediate goods are first
produced with a specific technology that uses physica capita and effective labor as inputs. These
intermediate goods are then used exclusively, together with effective labor, for the accumulation of
human cepitd. As was pointed out by Schultz (1961), there are a bundle of market goods and
sarvices that enhance labor efficiency with cost of time, and however they do not directly satisfy any
preferences underlying consumption. 3 Since these goods and services are not perfect substitutes of
consumable goods, it seems reasonable to assume here different technologies for the production of
both types of goods. Hence, we will adopt the two-stage process of human capital accumulation
proposed by Ghez and Becker (1975) and Heckman (1976) in their life-cycle models of earnings.

We complete the mode with the introduction of atax on physica capitd income, atax on labor
income, a subsidy to the purchase of intermediate goods and a subsidy to the opportunity cost of
accumulating human capitd. We will prove thet the fiscd policy mix determines the equilibrium

dynamics. Our fiscd policy scheme intraduces a gap between the factors intensity ranking across

3 Textbooks, medicines or educational services from schools, colleges and universities are, among others,
examples of these non-consumable goods. In reality, this process of human capital accumulation also uses a
vector of consumable goods. However, we omit this possibility to clarify, without losing of generality, the

exposition and contribution of the paper.



sectors in terms of cogt shares and the ranking in terms of factor quantity ratios. When this digtortion
is sufficiently high, the previous rankings of factor intendties are no consgent. In this @se, the
sandard dudity between Rybczynski and Stolper-Samuelson effects, which determines the
exigence of a unique equilibrium of the usud saddle-path type in multi- sector growth models, is
broken.4 In particular, the equilibrium is locdly indeterminate when the entire process of human
capitd accumulation is relatively more intensve in human capitd a the privete levd (i.e, in terms of
the factor quantity ratios), while this process is relaively more intensve in physicd capitd a the
socid leve (i.e, interms of the factor cost shares).

In a recent paper, Bond, Wang and Yip (1996) dso examine the effects of distortionary factor
taxation in a two-sector model where the accumulation of human capitd is a pure nor market
activity. However, they obtain indeterminacy under an aypica sectord configuration where the
production of new human capitd is reaively more intendve in physca capitd a the private levd,
while it is reaively more intengve in human capitd a the socid levd. Benhabib, Meng and
Nishimura (2000) and Mino (2001) have dso obtained this result in two- sector models with socid
constant returns to scale and sector-specific externdities. In fact, Bond, Wang and Yip (1996)
condder a fiscad policy scheme that is formaly equivaent to sector-specific externd effects. They
consder an asymmetry between capitd and labor taxation since labor in human capitd sector is
untaxed while capita taxation affects the earnings of physica capitd in both sectors.

The key difference between the contribution of Bond, Wand and Yip (1996) and the present
Sudy is that our three-sector production structure makes compatible a sector- specific fiscd policy
with a symmetric fisca treetment between capitd and labor in each sector and with a uniform
taxation of each factor across the two market sectors. In this sense, the results of the present paper
resemble those obtained by Drugeon, Poulsen and Venditti (2002). Based on “labor- augmenting”
intersectord externd effects semming from the aggregate capitd stock, they obtain indeterminacy
when the pure capitd good is relatively intensve in itsaf at the private leve.

4 The role of the factor intensity ranking in thetransitional dynamics of multi-sector growth models is extensively
presented in Bond, Wang and Yip (1996).



The paper is organized as follows. In Section 2 we present the model. Section 3 characterizes the
equilibrium dynamics, andlyzing the conditions for the multiplicity of eguilibrium peths. Section 4
briefly discusses the economic mechanism underlying the possibility of multiple equilibria. Some
lengthy proofs are contained in the appendix.

2. The Model

Let us consider an economy populated by a continuum of identicd, everlasting households. For
convenience, we assume that population growth is zero and normalize population size to one. The

households' preferences are represented by

U= bgg(t)—-_l?e'”dt , (1)
0

1-s 7.}

where C(t) isconsumption, r > 0 is the constant subjective rate of time preferences, and s > 0
denotes the inverse of the condant dadticity of inter-tempora subgtitution. Each household is
endowed with a unit of time thét is dlocated to labor, and to accumulating human capitd. If 1(t)
denotes the fraction of time devoted to labor, then the effective labor supplied by the household is
[ (t)h(t) , where h(t) isthe per capitastock of human capital.

There are three productive sectors in this economy. The first one produces a homogenous
physica good, Y (t), which can be ether consumed or added to the stock of physical capitdl,
K (t) . Thisphysical good is produced according to the Cobb- Douglas technology

Y (1) = AMDK ) Wt)h©)"* = Au)h(t)z,(t)°, @

where A >0 isthe scale factor, v(t) and u(t) are respectively the shares of physical capital and
human capital allocated to the physical goods sector, and z, (t) = [v(t)K (t)]/[u(t) h(t)] . The second
sector produces an intermediate good, E(t), which is acquired by households to increase their

stock of human capitd. In this sector, we aso posit a Cobb-Douglas production function, with



E(t) = B((1- v(t))K () (((t)- u@)h)) * = BU() - ut))h(t)z,(t)*, €)

where B> 0 is the scale factor, and z,(t) = [(1- v(t))K(t)/[(I(t) - u(t))h(t)]. Finaly, the third
sector involves non-market activities resulting in increases of households stock of human capitd,
which enhances the efficiency units of their labor supply. We assume that households need to spend
time in manipulating the intermediate goods so as to increase their stock of human capitd. 5 More
precisaly, we postulate a Cobb- Douglas technology of human capital production. Hence, the law of
motion of human capitd sock is

h(t) = ol (®)° (- 1EO)IO)" - (), 4

where [, represents the gross investment demand for intermediate goods from each household, and
h = 0 iSthe condtant rate of depreciation of human capital stock.

The government in this economy sets a flat-rate tax, t,, on physicd capitd income, aflat-rate
tax, t,, onlabor income, afla-rate subsidy, Sg, to the purchases of intermediate goods, and aflat-
rate subsidy, s,,, to the before tax opportunity cost of accumulating human capital. We assume that
the government faces a baanced budget congraint in each moment in time, that is,

T () = tr(OK() + tyw®I () h(t) - se p()1n(t) - s,wW(B(- [(E)h(E), ©)

where T (t) is ather alump-sum tax or alump-sum transfer depending on the sign of the right hand
sdeof (5), r(t) istherentd rate of physical capitd, w(t) isthewagerate, and p(t) istherelative
price of intermediate goods in units of physica goods. The budget congtraint of a household isthus

(1- t)r(OK ) + @- t)wOI O + s, WO 1{E)N()

=C(1)+ K(®) + - s)p®)1, ) + T - dK(®),  (6)

where d3 0 isthe congtant rate of depreciation of physica capita stock.

5 The same assumption may be made for the accumulation of physical capital and consumption. We omit this

possibility to facilitate the exposition and the understanding of our results and conclusions.



Given the initia stocks of physica and human capital, which we will respectively denotesby K,
and h,, and fiscd policy {t.t,,Sg,S,}, @ competitive equilibrium under balanced budget is
defined as a set of path for prices {r(t),w(t), p(t)}, dlocations {C(t), I (t),v(t),u(t), 1, (t), T()},
and both capital stocks {K (t),h(t)} , such that

(i) the representative household's choice of the paths {C(t),1(t), 1, (1), K(t),h(t)} maximizes (1)
subject to (6), (4) and to non-negativity condraints on dl variables,

(ii) the paths {v(t), u(t), K (t), h(t)} meximizefirms profits

(i) the government obeysiits inter-temporal budget congtraint (5); and

(iv) the market-clearing conditions for physica goods and for intermediate goods hold, i.e,

Y(t) = C(t) + K(t) - dK(t), ©
E()=1,(). )
In equilibrium, competition among profit-maximizing firms ensures that both factors are paid their

margind products. Hence, if both physica capitd and human capitd are perfectly mobile across

sectors, the profit maximization conditions are
r(t) =bAz(t)* = p(t)aBz,(t)**, (9a)

w(t) = (1- b)Az(t)" = p(t)1- a)Bz,(t)* - (9b)

The representative household's problem involves three margins. Fird, tota income must be
dlocated between consumption of physicad goods and tota investments. This implies tha the
margina substitution between consumption & different dates must equdize its corresponding relative
price, i.e,

et C(t) - g ROY

R , (10



where R(O,t) = ¢ [(- t,)r(s)- d]ds isthe cumulative rate of return between theinitial period and
timet.

Secondly, income dlocated to totd invesments must be efficiently digtributed between the
accumulation of physica capitd and the purchase of intermediate goods. The optima portfolio
section is given by the equdity between the margind return of a unit invested in the accumulation of
each capitd. Thus, Snce the present vaue of the cost and the benefit of investing in physica capitd
is the unit, the portfolio sdection is given by the following non arbitrage condition:

(- s¢)p(t) = gl (O (- HOMID) "V (D), (11)

where V(t) isthe discounted margina value of the household's human capital stock a time't, i.e,

¥

V(1) = oe I ) (1) + 5, (@- 10))(D)at, (12)

0

where G(t,t) = Q‘[glh(s)q(l- [(s))*h(s)“ - h]ds is the cumulaive varigion of the human
capitd stock between time t and t caused by a margind change in h(t), and R(t,t) isthe
cumulative rate of return betweentime t and t .6

Findly, the endowment of time must be dlocated between labor supply and humaen capitd
accumulation. Optimaly means that the household gets the same margind revenue in each of them,

ie.,

(d- t, - s)W(t) = @- a)gl 1 (O (@- 1E)ND) V). (13)

6 Note that the discounted value of a household's total income from human capital at any time t is equal to
W(t) = g e " [ t)I(t)+ s, @- () w()h()dr -

The income generated by the human capital stock at any timet istwofold. First, the fraction of timein efficiency
units of labor allocated to working obtains an aftertax labor income. Second, the fraction of time allocated to
accumulating human capital also obtains a subsidy per unit of foregone labor income. Using the law of motion of

human capital (4), Expression (12) is easily obtained from the definition of W(t).



The competitive equilibrium is then fully characterized by Egs. (4), (5), (6), (7), (8), (9), (10),
(11) and (13), the usud transversality conditions,” and theiinitid vaues K, and h,.

For notationa convenience, we index the fundamentas of the model economy by the vector of
parameters p . We then define p ° (A B,g,r,s,d,h,a,b,q,t,,t,,S,S,), ad pT P, where

P=R> R’ (00)° [01".

3. The Equilibrium Dynamics

In the environment described in the previous section, the dynamic behavior of the economic
vaiables crucidly depends on the fiscd policy. Under some combinations of fiscd insruments, the
equilibrium dynamics may be not defined by the usud property of saddle-path stability. In this
section, we will characterize the dynamic behavior of the economy dong the equilibrium. For that
purpose, we first congtruct the dynamic system that fully describes the competitive equilibrium paths.
As anecessary step, we reduce the relevant explanatory variables of the modd. Assuming that both
sectors are active, one can explicitly solve for the factor intendities in each sector, the relative price

and shares of both types of capitals in each technology as functionsof K (t) , h(t) and Vv (t) .8 First,

we get from (9) and (11) that
20)° 20V (0)= F—% whr v oh (142)
gl-bg
z,(t) ° zz(\/(t))=§ela % wihe v (- (14b)
el-ag
pt) e pv(1)=wV ()" P, (14c)

where

7 These conditions are standard and impose that the present discounted value of both capital stocks tends to

zero at theinfinity.

8 Seethe appendix for adetailed derivation of these expressions.
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Moreover, manipulating Conditions (11) and (13) with Egs. (8), (9) and (14), we aso get

[K®)/h®]+Y [z,(1)- 2 1)]
[(t) e I(K(t)/h(t),V(t)) = , 1
(t) ° (K (t)/h(t) V(1)) 2 (0+Y 20 - 2] (158)

[K O/ ¥ [KO/ND)- 2]
° u(K(t)/h(t),V(t))= , 15b
) KO/ V)= =T (150)

& z@t) odK@E/Nb)]+ v [(KE)/h®)- z1)]o
t) o v(K(t)/h(t),V(t)) = T . (15c
O KOROVOE ORI S 20+ 0- z0] 5
At this point, we can fully characterize the dynamic behavior of the economy dong an interior
equilibrium through a system of first order differentid equationsin K (t), h(t), C(t) ad V(t).
Using Egs. (4), (5), (6), (7), (8), (9), (10), (11), (12), (13), (14) and (15), we get

K(t)= Au(K t)/h(t) .V @) h®)[z, (v ©)]" - C(1)- dK (1), (169)
h(t) = gB°Y * [L- 1(K ®)/h(t),V O)[2,(V (©))]* h(t) - hh(). (160)
CH) = CO/s L t)bA[ZNVEN] - a- 1) (16c)
V(1) = (- t)bAZVED]" - d+n)V(D) - @ t)A- b)AlZ (VO] (16d)

At a balanced growth path (BGP, henceforth) the stock of physical capital, the stock of humen
capital and consumption grow at constant rates, and the factor shares in the technologies are

congtant. Hence, we see from (16¢c) and (143 that V(i) is dso constant adong a BGP.

10



Furthermore, given the definition of z (t) , the previous property implies that the growth rate of
K (t) in a BGP must therefore be the same as h(t) sSnce u(t) and v(t) are congtant. Findly,
dividing (16a) by K (t), we get that K (t) must grow a the samerate as C(t) dong aBGP. Asis
customary in the economic growth literature, we shall focus on cases in which the economy exhibits
interior BGPs, dong which prices and resource dlocations are congtant and grictly podtive. The

next proposition establishes the existence and the uniqueness of an interior BGP.

proPoSITION 1. Consider the economy described by Egs. (4), (5), (6), (7), (8), (9), (10), (11)

and (13). There exists at most an interior BGP equilibrium.

Proof. After meking V(t) = 0, and using (14a), Eq. (16d) can be written as

b-1 b

d-h=(l- tk)bﬁg?ﬁgf whe 2 v Ke b)Age;;bgfw b0 Sy o
ee a a ee a ]

where " denotes the stationary vaue of \/(t) . The right-hand side of the previous equation is a

monotonic function of v*. Therefore, there is a most one vaue of v(t) which generates a BGP

equilibrium. Furthermore, given rationships (14) and (15) one can prove from (16) that there isa

one-to-one correspondence between \/(t) and thegrowthrateof K (t), h(t) ad C(t).  QED.

The following proposition establishes the loca gability property of the interior BGP:

PROPOSITION 2. Consider the economy described by Proposition 1. Consider the following
subsets of p :
P,={pTPlb>a}l
P,={pl Plag<b<a and b[@- q)@- sg)+a(l-t, - s,)]<aq(@-t, -s,)}
Py={pl Plag<b<a and b[(d- q)(@- s¢)+qll-t,- §,)]>aq @- t,- s,)}
P,={p7 P|b<aq and b[ll- q)@- Sz)+aq@- t, - s,)]<aq@-t,-s,)}

Ps={pl P|b<aq and b[(l- q)@- s:)+a(- t,- §,)]>aq (- t,- §,)}

11



() If pl P,EP,EP,, then the equilibrium is locally saddle-path stable, i.e., there is
locally a unique equilibrium fully determined by theinitial conditions K, and h,.

(i) If pT P, then the equilibrium is locally indeterminate, i.e., there is locally a
continuum of equilibria.

(i) If pT P 5, then the equilibriumislocally unstable.
Proof. See the gppendix. QED.

Figure 1 summarizes the previous result. The figure draws the different regions characterizing the
local stability properties of the BGP in the (g, a) space while keeping the other parameters condtant.
We obsarve that in our modd the locd saddle-peth stability of the BGP equilibrium does not hold for
whole space of parameters The previous equilibrium can dso be ether locdly indeterminate or localy
ungtable. An interesting point of our gability result is that the existence of multiple equilibria requires
that the government implement a specific combination of fisca ingtruments. In absence of fisca
policy, the two curves defining the regions P, and P 5 coincide and, thus, these regions dis3ppear.
Furthermore, ether incressesin s or reductionsin t, and s,, raisethe region of indeterminacy and
reduce the region of ingtahility.

[Insert Figure 1 around here]

However, given this necessary intervention of the fiscal authority, the key for our result is the
assumption that human capitd accumulation uses a technology that combines intermediate market
goods and non-working time. One can note that under either gq=0 or g =1 the subsets of

parameters P, and P, ae both empty. Moreover, this is dso the case when a =b. Inthese



extreme cases, the presence of growth-distorting fisca policies never affects the stability property of
the BGP equilibrium.9

4. Discussion

What is the economic mechanism underlying the equilibrium dynamics described in the previous
section? Since dl prices ae determined by the discounted margind vaue of human capitd done (see
(9) and (14)), and given the block recurdve structure of the dynamic system (16), equilibrium prices
are determined independently of quarntities. Furthermore, the dynamic behavior of those variables is
dictated by the ranking of factor intensities across sectors. On the one hand, the adjustment process of
equilibrium prices is dable if the production of intermediate goods and the activities accumulating
humen cgpitd jointly employ a smdler rdative quantity of physcd capitd. Otherwise, the previous
process is undable. This is because of the Stolper-Samuelson effect. If the production of new human
capitd is labor intensve, a sudden increase in the price of human capitd raises the wage rate and,
thus, the intertempora no-arbitrage condition for the sdection between physica and human capitd
investment will drive the relative price of human capitd down. On the other hand, when physica
cagpitd commeands a higher rdative cogt share in the production of new human capitd, the quantity
process is saddle-path sable. In the oppodite case, this process is ungtable. This sability property of
the quantity process follows from the Rybczynski effect. If the production of new human capitd is
labor intensive, a sudden increase in the stock of human capitd results in an increase in the production
of new human cgpitad and a decrease in the production of physica goods.

Therefore, regardless of the factor intendties of each sector, the BGP is locdly saddle-path stable
if and only if the rankings of factor intengties in the vaue and physica sense coincide. However, the

° Ortigueira (1998) proves that the presence of capital income taxation does not alter the saddlie-path stability of
the model with pure non-market human capital accumulation. Mino (1996) shows the same as the previous author
for the model with pure market human capital accumulation. Finally, for the latter model, Alonso-Carrera (2000)
proves that a subsidy to the purchases of new human capital does not affect the saddle-path stability result.

13



taxation policy introduces a wedge between both rankings of factor intengties, so that the digtortion
from the taxation policy governs the sability property of the economic system. If the two factor
intengty rankings ill coincide, the BGP is locdly saddle-path stable. By contradt, if the tax distortion
is aufficiently high, the two rankings of factor intengties are no condstent and, thus, the BGP isether
locally indeterminate or ungtable.

To interpret the stability results given by Propostion 2 in terms of this reversd in the ranking of
fector intengties, we subgtitute (3) in (4). Hence, using (A.3) from the appendix, and after asmple
manipulation, we get the following reduced-form technology capturing the influence of the
technologies for producing intermediate goods and for accumulating human capitd:

h(t) = g%y ““[(L- v(t))K®T*[{L- 1())h®)]"* - hht). (17)

Note that the Sgn of b - aq expresses the factor intengty ranking in the physica sense between the
production of physica goods and the entire process of human capitd accumulation, wheress the factor
intengty ranking in the value senseis given by the sgn of the following expression:

b aq(-t,-s,)
b T s b s a9

Thus, for example, if these two expressons are both positive, then the entire process of human capita
accumulation is more human capitd intensve then the production of physical goodsin the physica and
value sense.

Noting that the dgn of (18) is gven by the dgn of the expresson
b[(1- q)1- s¢)+ - t, - s,)]- ag(l- t,- s, ), one can read Propostion 2 in terms of the
dudity between Rybczynski and Stolpe-Samuedson  effects. Hence, if aq<b and
- g)- s¢)+ (- t, - s,)]<aq(l-t,- s,), then the process governing the equilibrium
vaue of human capitd is stable and the quantity process is saddle-path stable. In this case, the BGP
is therefore locally indeterminate. The previous two dynamic processes are both unstebleif aq>b
ad b(1- q)L- sc)+qlt- t, - s,)]>aqglt-t, - s,). Otherwise, the BGP is locally saddle-path

14



stable since the two rankings of factor intengties coincides and, thus, an ungtable process in prices or
quantities is offset by adjustment in the other varidble. In particular, one must observe tha the two
rankings coincide for any combination of the fiscd policy parameters when a = b . Hence, we again
obsarve that our two-stage process of human capitd accumulation plays a crucid role in determining
the gability results.

The ungable and the indeterminate equilibrium dynamics emerge in our model under conditions
for the reversd in the factor intengity ranking that are the opposite of those found by Bond, Wang
and Yip (1996). These authors obtain indeterminacy when the sector producing human cepitd is
labor intensive in terms of factor cost shares but capitd intensive in terms of factor quantity ratios.
By contrast, we do not need a technology for human capitd accumulation thet is more physicd
capitd intensve in terms of factor quantity ratios than that used for producing physica goods. The
required condition for our result is that the sector producing intermediate goods would be more
physica cgpitd intensive than the physicad good sector, i.e, a > b. However, the reduced-form
technology for producing new human capitd must be less physicd cgpitd intensve than that for
producing physical goods, i.e., aq <b . Although it would remain to messure the plausibility of our
technologicd redtriction, this condition seems to be empiricaly less strong than the Bond, Wang and
Yip's one. While the average share of physica capitd in find output is usudly cdibrated around 0.4,
Perli and Sakdlaris (1998) edtimate this share in find educationd output a a range between 0.11
and 0.17.

Relating with the previous discussion, we should aso verify whether indeterninacy appears for
plausble vaues of parameters. We next present a numerica example to illudtrate that the
combinations of parameters that lead to indeterminacy are empiricaly plausble. Suppose, for
exanple, that A=1, B=1, g=0.18, r =001, s=15, d=01, h=0.1, a=0.53,
b=0.36, q=064, t, =021, t, =031, s. =05 and s, =0.08. Thevauesof A, B, d, h,
b, t, ad t, agree with those generdly invoked in the economic literature (see, eg., Jones,
Manudli and Ross, 1993). OECD (1992) edtimates for US that the public expenditure in

secondary and higher levels of education amounts to 50% of tota education expenditure in these

15



levels, whereas the fellowships represent around 8% of the opportunity cost associated to these
levels of education.10 These facts justify our choice of the vaues of s_ and s,,. By recdling the
esimation of Perli and Sekellaris (1998) given in Section 1, the value of g was chosen so that the
opportunity cost of accumulaing human capita amounts to 3194 of total educationd cost dong the
BGP. We havejointly obtained thevauesof g, r and s by imposing that the after tax, net interest
rate and the Stationary growth rate equa to 0.04 and 0.02 at the BGP, respectively. Findly, the
vaueof a was fixed in order to force the vector of parameters p toliein P ,. Although the later
vaue could seem a little large, the lack of reliable data prevents us from addressing a closed
conclusion about the plausibility.

The posshility of multiple equilibria stands a chance to explain unpredictable differences in the
growth patterns followed by countries with identical economic Stuations of departure. In particular,
the present modd predicts thet identical economies with a specific fisca policy structure may follow
different equilibrium peths to reach a common long-run growth rate, so that each country’s per
capita income permanently diverges one from the other. Evidently, in our modd, as in any
endogenous growth model, fiscal policy can be a source of differences in both the long-run growth
rate and in the growth patterns followed by otherwise identical economies. However, the present
paper dso predicts that two identical countries, even with the same fiscal policy structure, may
follow different equilibrium paths. Intuitively, locd indeterminacy of the equilibrium means that the
expectations determine the equilibrium path snce in this case the initid level of consumption and the
dlocation of time between different activities are fredy chosen. Therefore, our economy becomes
vulnerable to sunspot equilibria due to the presence of fiscal policy. In order words, indeterminacy is

aso able to account for business cycles without having to rely on shocks to fundamental s.12

101n this example, weidentify, asisusual, the production of new human capital as education. We then ignore the

investment in other concepts of human capital as, for instance, health.

1 The dependence of the stability property on the parameter structure may also lead to the existence of limit
cycles. To check this point, we should follow a bifurcation analysis, which we have omitted since thisis outside

the scope of this paper.
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Evidently, when multiple equilibrium paths exig, they could be ranked by following the welfare
criterion. However, the question is how individuas agree to sdlect the equilibrium path generating
the highest welfare. Equilibrium indeterminacy implies a problem of coordination fallure. How do
individuas coordinate their expectations for sdecting an equilibrium path? This problem opens an
interesting line for future resserch. We should look for dternative mechanisms of equilibrium
sdection, i.e., mechanisms through which individuas can coordinate their expectations.
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Appendix

Reducing the explanatory variables of the model
We will next solve for the factor intengties in each sector, the relative price and shares of both types
of capitas in each technology as functionsof K (t), h(t) and V(t) . First, diving (9a) by (9b), we

have that

%(0=2 08

Plugging the previous equation in (98) and (9b), we respectively get

/b-a

SaBoa(l- b)J U

— Yb-a
z, () ;b AEbl a) 5 G P, (A)
4 b-1py/° 2
_%@aB@a(l-b)o Y Io-a
Z,(t) = gﬁ%b(l- )5 ; p(t)*™ ©. (A2

Introducing (A.1) and (A.2) in the non arbitrage condition (11), we directly derive the relaionship
between p(t) and V(t) given by (14c). Moreover, Egs. (143) and (14b) are obtained by inserting
(14c) in (A.1) and (A.2), respectively.

Second, we will use (14) to derive the alocations of both types of capitals to each sector as
functionsof K (t), h(t) ad V(t) . Dividing (13) by (11), and using (8) and (9), we get

I(D-u() _&-t,- s, G- a)6

: . (A3)
1-1(t) 1-s g 1-q o
Moreover, full employment requires that
u®)z ) +( ) - u))z) = KE)/h) - (A4
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Solving the system composed of Egs. (A.3) and (A.4) for I(t) and u(t) , and rewriting the solution
with (14), we derive (15a) and (15b). Expression (15c) is directly obtained from (15b) by noting
that z,(t) =[v() K ()} [u@®) h)]-

Proof of Proposition 2

We will proceed by following the standard method of writting the system defining the equilibrium
dynamics in terms of dationary variables, as in Mulligan y Sda-i-Martin (1993) or Benhabiby Perli
(1994). Thus, we first introduce two new varigbles: z(t) = K(t)/h(t) and x(t) = C(t)/K(t) .
Using dynamic system (16), we derive the dynamic equations describing the law of motion of the

previous variables
2(t) = 2(0] Au(z(0).V(©) () (2 (v ©))° - () - d
- gBY °fL- 1(zt)V ()] (z, (v ) +h}, (A5)
x(0) = xO{s)(a- t bV @) - d-r)
- Au(z(t) V) 20 (7 (V@)Y +xW) +df- (A.6)

Since theinitid value of z isfully definedby K, and h,, the system of differential equations (A.5),
(A.6) and (16d) fully summarizes the competitive equilibrium paths. To establish the locd stability
properties of the BGP equilibrium, we linearize this reduced system around the Stationary values of
z(t), x(t) and V(t), which will be denoted by z", x* and Vv". This linearized sydem is as
follows

U &, @, a,A)- 7 0

€y U— € ue * A.
XM= g B AgpeX(t)- X (A1)

@M 80 0 aupv(H-V'{

where the elements 3, are obtained from differentiating (A.5), (A.6) and (16d). The local stebility is
determined by the sign of the red part of the three eigenvalues associated with the Jacobian matrix
(A.7). In paticular, since the reduced system is composed of one dtate variable, z(t), and two
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control varidbles, x(t) and V(t) , the BGP equilibrium islocaly saddle-path stable, localy unstable
or locdly indeterminate if the number of eigenvalues with negative red part is respectively equd to,
smdler than or higher than one. These egenvalues, which will be denoted by x; , are the roots of the
following characteridtic polynomid:

Q(X) = (ass - X){X2 - (all + azz)x + (alla22 - a12a21)}v (A-S)

where

} CRVA! *yaq i)
a—z|[-a21+ gB'Y "7,V ) |

I X 2v)+Y V- V)
a,=-27,

AYX 7,0V ) (V) (Z)
Z(V)+Y (V) - (V)

aZlZ_

a'22 = X*’

S (S ARTTON Lt BRI

b a
Using (14) and (15), and since z >0, X' >0 and V" >0, weobtain thet a, <0, a,, >0 ad
so{ a} =San{zv)+Y(av)- zv))}
So{ a,} =Son{ (- Da,,},
sgn{ &} =sgn{ (- 1)(b-aq),

where the last equality comes from the fact that (1- t )bAz (V*)>*- d+h >0, which is a
necessary condition to \/(t) = 0 be held dong the BGP equilibrium. Moreover, using (14) and (15),

and after some algebra, we get that,

Son{zv)+Y v - 2,v))
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=Sgn{b(-s)(t- a)+ab- a)@-t, - s}

At this point, one can easily prove Proposition 2. Firgt, note that one of the roots of characteristic
polynomia (A.8) is equd to a,;. Moreover, the other two roots are given by the eigenvaues
asociated with the sub-matrix obtained from dropping the last row and the last column of the
Jacobian matrix (A.7). The trace and the determinant of this sub-matrix are equd to (a,, + a,,) and
(a8, - 8,2, ), respectively. The sign of the eigenvaues of this sub-malrix are easily determined
by noting that the trace and the determinant are respectively given by the sum and the product of
these eigenvalues. If b(1-s:)(1- q)+q(b- a)(l-t, - s,) >0, then the trace and the determinant
are both postive, such that the two eigenvalues have both postive red parts. Otherwise, the
determinant is negative, and then the red parts of these two eigenvaues are of the opposite sign.

Thus, the result directly follows.
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